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... to kill that savage monster, the Chimaera, who was not a human being, but a
goddess, for she had the head of a lion and the tail of a serpent, while her body
was that of a goat, and she breathed forth flames of fire ...

—(The Tliad, Book VI, translated by Samuel Butler)

1.1 INTRODUCTION

A non-monochromatic superposition of propagation-invariant beams is obvi-
ously a propagation-invariant beam itself. However this is no longer the case
when the superposition principle ceases to be valid, as in the case of wave
propagation in nonlinear media. On the other hand it is well known that
the nonlinearity can counteract beam spreading, being at the very origin of
those strongly confined propagation-invariant wave-packets that are known
as solitons or solitary waves (SW) [1, 2]. Unfortunately, SW typically involve
a reduced number of dimensions, whereas the observation of a three dimen-
sional (3D) SW has been elusive to date [3, 4]. Among various reasons behind
this, the most relevant are: (i) the fact that 3D-SW are affected by intrinsic
instabilities; (ii) (more specific to optics) 3D-SW not only require a nonlinear
medium (and hence very high laser intensities) but also anomalous material
dispersion (i.e., k" = d?k/dw?® < 0 where k is the wave-number).

In contrast with SW, localized waves (LW) are 3D propagation-invariant
wave-packets that do not rely on any nonlinearity. They have been observed
in several contexts (see the other contributions to this book) and in principle
they should not exist in a nonlinear medium since they rely on the superpo-
sition principle. In this respect the experimental observation of optical 3D
propagation-invariant pulses, so-called “light bullets”, in a nonlinear medium
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with normal dispersion (k" > 0), i.e. in a regime where both LW and SW
were not expected to exist, did really appear as an astonishing result [5, 6].
The spatio-temporal far-field spectrum of the observed light bullets clearly
appeared as an “X” [7], and an accurate and sophisticated experimental re-
construction (“tomography”) of the spatio-temporal profile unveiled the dou-
ble conical structure of the wave-packet [8, 9] in agreement with theoretical
and numerical analysis [10, 11, 12, 13, 14, 15, 16]. Thus, naturally, the light
bullet was dubbed “nonlinear X-wave”. This result opened many different
roads of investigations, mainly aimed at providing for a physical and mathe-
matical background to a special class of nonlinear 3D beams whose features
recall both SW (they spontaneously form at high intensity and propagate
without sensible distortion) and linear LW (the structure is seemingly that of
conical waves), thus constituting a sort of Chimaera.

Thereafter the field of nonlinear X-waves (NLX) has rapidly grown, on one
hand linking linear LW solutions in dispersive media to the existing literature
and the plethora of electromagnetic LW mainly investigated as solutions of
Maxwell’s equations in vacuum (see other chapters in this book) [17, 18, 19,
20, 21, 22, 23, 24, 25, 26, 27, 28, 29] and, on the other hand, attempting to
extend the idea of “non-bell-shaped” localized solutions to the very active field
of nonlinear optics which deals with solitary waves, including periodic media
and different kind of nonlinearities [30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41,
42, 43, 44, 45, 46, 47]. Importantly, numerical simulations, experiments and
theory concurred to establish that NLX can be also an effective paradigm for
interpreting ultra-fast laser propagation in nonlinear media with an intensity
dependent refractive index (i.e., “Kerr media”). Given the facts that any
material displays such a nonlinearity at sufficiently high intensities, and that
many experiments have been done in water or air (due to virtual absence of
damage threshold), these results have many implications in bio-physical or
remote environmental sensing applications [48, 15, 16, 49, 50, 51, 52, 53, 54,
55, 56].

Moreover, the formal analogy between nonlinear optics in Kerr media and
time-evolution of the semi-classical wave-function of ultra-cold bosons has led
to the prediction of the existence of “Matter X-waves” [57]. Matter waves
are a natural manifestation of large scale coherence of an ensemble of atoms
populating a fundamental quantum state. The observation of Bose-Einstein
condensates (BECs) in dilute ultra-cold alkalis [58, 59] has initiated the ex-
ploration of many intriguing properties of matter waves, whose macroscopic
behavior can be successfully described via mean-field approach in terms of a
single complex wave-function [60]. Large scale coherence effects are usually
observed by means of 3D magnetic or optical confining potentials in which
BECs are described by their ground-state wave-function. Trapping can also
occur in free space (i.e. without a trap) through the mutual compensation of
the leading-order (namely, two-body) interaction potential and kinetic energy,
leading to matter-SW. This phenomenon, however, has been observed only in
1D [61]. In 2D and 3D, free-space localization cannot occur due to mentioned
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instability of SW, and even in a trap collapse usually prevents stable formation
of BEC [62, 63|, needing stabilizing mechanisms [64]. For these reasons, the
use of periodic potentials induced by optical lattices [65], where the behavior
of atoms mimics that of electrons in crystals or photons in periodic media
[66, 67] is attracting a great deal of interest: for instance, in 1D (elongated)
lattices 1D-SW can form and are referred to as “gap solitons” [68]. Notably
enough, in the presence of a 1D lattice potential, the 3D dynamics of the
fundamental state wave-function formally obeys to the same model of NLX
in optics. Specifically, under conditions for which the Bloch state associated
with the lattice has a negative effective mass, the natural state of BECs is
a localized matter X wave characterized by a peculiar bi-conical shape. The
atoms are organized in this way in the absence of any trap, solely as the re-
sult of the strong anisotropy between the 1D periodic modulation and the
free-motion in the 2D transverse plane. In this respect, NLX appear as novel
non-trivial localized states of ultra-cold atoms.

This chapter is aimed at reviewing many of the aforementioned aspects of
NLX. A strong emphasis is given to the theory and especially to “X-wave ori-
ented” analytical techniques that directly involve LW in the nonlinear dynam-
ics. This approach has to be compared with plane-wave oriented approaches.
Given the fact that many of the well known classifications of LW (detailed in
this book) loose their meaning when dealing with nonlinear effects, we will
roughly indicate with “X-waves” those solutions whose intensity profile travels
undistorted, thus using LW and X-waves as synonymous.

Outline. In section 1.2 we review the basic models for nonlinear optical prop-
agation and BEC; in section 1.3 we introduce envelope X-waves, i.e. linear
X-waves in the paraxial and slowly varying envelope approximation (SVEA)
and the corresponding X-wave expansion that leads to finite energy solutions;
section 1.4 is dovoted to discuss how nonlinear processes foster the exponential
amplification of LW at the expense of a pump beam; in section 1.5 we apply
the X-wave expansion to derive general results for the nonlinear propagation
and generation of LW; section 1.6 deals with numerical results concerning the
exact profile of X-waves in nonlinear media; in section 1.7 we discuss an ap-
proach to the highly nonlinear dynamical processes observed in experiments:
the coupled X-wave theory; section 1.8 contains a brief review of experimental
results, while conclusion and perspectives are drawn in section 1.9.

1.2 THE NLX MODEL

The reference model for NLX pertains to a medium where the nonlinearity
is responsible for a direct self-action on a wave-packet envelope. In nonlinear
optics, self-action occurs typically through a third-order effect (the dielectric
polarization depends on the electric field cube) that involves degenerate four-
photon mixing interactions w = w — w + w among photons at the generic
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frequency w within the bandwidth of the field. This is well known to be
equivalent to a refractive index varying according to the Kerr law n(w) =
no(w) + norl where ng(w) is the linear or low-intensity index, I is the optical
intensity and mgor is known as the Kerr nonlinear index coefficient. In such
a medium, under standard approximations (paraxial and SVEA), an electric
field with linearly polarized unit vector e and a spatio-temporal spectrum
localized around the propagation direction (ks,ky,k.) = (0,0,k) = k and
vacuum carrier wavelength A = 2me/wy,

27,
n(w)

has its complex electric field envelope A obeying the equation (see e.g. [69])

E=R |f A(r, T) exp(ikz — iwoT) | , (1.1)
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where V2 = 02 + 92, k = kong = wono/c is the wave-number at carrier
angular frequency wg, and the prime denotes the derivative with respect to w
calculated at wg. Note that the square root containing the vacuum impedance
Zy in Eq. (1.1) is such that the square modulus of the envelope gives directly
the intensity, i.e. I = |A|?.

Although in this chapter we mainly restrict to the model (1.2), we observe
that its validity extends well beyond Kerr media and even nonlinear optics
(as discussed below it is also approximately valid for a quadratically nonlinear
medium and, within a perturbative formulation, when dealing with ultra-cold
gases). We point out that, even in the case of Kerr media (and within paraxial-
SVEA), it does not take into account many phenomena that are expected and
observed when dealing with the propagation of femtosecond-pulses in water or
air, such as those related to plasma-formation or higher order dispersion. Al-
though many generalizations of the models and the exploration of the related
issues, are indeed possible within the paradigms of LW, Eq. (1.2) is very rich
and describes the essential physics of LW, thus appearing as the most relevant
basic model for NLX.

Quadratic media and second harmonic generation As mentioned in the in-
troduction, media for the second harmonic generation (SHG) are relevant for
NLX, because they were employed in the first experimental demonstration
[12]. In the most general case the nonlinear interaction in a quadratically
nonlinear medium [i.e. a medium in which any component of the nonlin-
ear polarization is expressed in terms of the products of two electric field
components] commits together three optical carriers w; (i = 1,2,3) such that
w3 = w1 +wsy. At variance with Kerr media, where only one angular frequency
is involved, the model is given by three coupled envelope equations of the kind
of Eq. (1.2). For the partially degenerate case of SHG, when w; = wy = w
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and w3 = 2w, only two equations have to be considered, as reported in the lit-
erature (see [11, 13, 14, 30, 70]). However, in this manuscript, we will restrict
ourselves to Kerr media, while recalling that in suitable regimes Eq. (1.2) is
a good approximation for the nonlinear dynamics of the fundamental beam
at w also in quadratic media (see e.g. [1]).

Bose-Finstein condensation. In the presence of a lattice, the Gross-Pitaevskii
equation models the mean-field dynamics of ultra-cold boson (see e.g. [60]).
As discussed in more detail in Ref. [57], in the presence of an external lat-
tice (which can induced on the atom cloud by the interference of counter-
propagating laser beams), the Gross-Pitaevskii equation reduces to an equa-
tion similar to Eq. (1.2):

) h? 9 M o 3a, o,
oo+ g (V2= 02 ) o - Flofo=o. (13)

where m and a are the boson mass and the “scattering length”, respectively,
and m, is the negative effective mass, which depends on the lattice period
and the strength of the corresponding potential, as experimentally investi-
gated in [71]. A matter X wave, solution of Eq. (1.3) as detailed below,
entails localization in both momentum and configuration space, thus being
a clear signature of a Bose condensed gas, so much as the anisotropy in the
distribution function detected in early experiments [60] . Unlike any other
form of BEC including solitons, matter X waves can be observed in free-space
and in non-interacting regime, where they are the natural basis to describe
the coherent properties of atom wave-packets. In order to fix the notation,
we will make explicit reference to optics in the following, where experimental
evidences have already been reported. The results for the BEC are obtained
via the formal substitution: 4 — ¢, z - ¢, T — z, k' — 0, k"' — h/m,,
k — m/h, konar — 3a/2h.

1.3 ENVELOPE LINEAR X-WAVES

Envelope X-waves are linear X-waves in the paraxial slowly-varying envelope
approximation, or in other words solutions of our model (1.2) in the limit of
zero intensity (noy = 0), that reads explicitly as

1
1
10, A+ ik'Op A — %B%A + ﬂviA =0. (1.4)

The case of interest here is that of normal dispersion k” > 0 yielding a hyper-
bolic operator. Eq. (1.4) can be further simplified by introducing the retarded
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time ¢t =T — k’z, so that Eq. (1.4) can be rewritten as

k//

1
2

oA
0, 2%

A+ —VIA=0. (1.5)
Looking for “stationary solutions” (i.e., solutions traveling with natural group
velocity 1/k’, such that 9, = 0 in Eq. (1.6)) yields an equation which is
formally identical to the one obtained from the scalar wave-equation when

considering standard LW:
V3 A—kk'"0?A=0. (1.6)

Thus all the solutions which are known from the theory of LW in vacuum
gives corresponding envelope X-wave solutions. More general axi-symmetric
envelope X-waves can be seeked for in the form

A=Yt — Bz,r)explik.z), (1.7)

which corresponds to an intensity profile I = |A|? traveling as an invariant
object in the z—direction with group velocity (1/k’+1/3)~! measured in the
laboratory frame. In the case k' = 0 (e.g., for BEC waves) these solutions
represent still 3D bullets. Introducing a retarded time t3 = t—[3z, the equation
for v reads as

1

. k 1
kot — 00y, — SO+ 5V =0, (1.8)

Let 1 a superposition of monochromatic Bessel beams, Jo (v kk"” ar) exp(—iw tg),
with « in frequency units, the corresponding spatio-temporal dispersion rela-
tion is . "o
k k"o
—k, — Bw+ —w? =
2 — Bw + 5 5

In order to have a continuous spectrum along w, the left-hand side must be
positive, thus ensuring the absence of evanescent waves. This can be achieved,
in the simplest way, by letting k, = —3?/2k”, which gives

<w—]§/>2 =’ (1.10)

Equation (1.10) implies the existence of two types of X-waves that paramet-
rically depend on the inverse velocity §

(1.9)

(1.11)
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B/k” ®

Fig. 1.1  Sketch of spatio-temporal spectra of “slash” and “backslash” X-waves.

with the corresponding “spectra” f,(a) and f\(ca). They will be denoted
as “slash” and “backslash” X-waves, because of the shape of their spatio-
temporal frequency content, as discussed below. A general linear X-wave
solution characterized by the inverse differential velocity 3 is given by

Ax = B Bz ) F (- B B), (112)
which can be rewritten as
Ax = eii%t“%""z[(p/(t—ﬂz,r)—|—<p\(t—6z,r)], (1.13)
with
ox(tg,r) = /000 eT % Iy (VE" kar) fx (o) da. (1.14)

Here the “X” stands for either / or \, and ¢x corresponds to X-waves of the
scalar wave equation (see e.g. Ref. [72] or the other chapters of this book).
Note that fx is complex-valued. The spatio-temporal spectrum of Ax (r,t, z),
is centered at the shifted central frequency (/k”, determined by the X-wave
velocity, and it looks like an “X” in the angle-frequency plane, as shown in
figure 1.1 for k; > 0 (positive angles). The following relation holds useful for

any ¢x (t — Bz,7; 3):

. 1 ) k! ) 62
E‘/’X = Zaz + ﬁvl - 78t Q/JX = —2k1/’l,[}X. (115)

Therefore an X-wave can also be defined as a solution of Eq. (1.6) of the type
Ax = C(z,0)¥x(t — Bz,r) with C obeying the equation

0C 32

Yor 2k T

0, (1.16)
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which turns out to be a useful information when one formulates a nonlinear
approach.

The invariant envelope X-waves contain, in general, an infinite energy. This
is due to the idealized situation (never achieved in experiments) of a precisely
defined velocity (or inverse differential velocity 3). Any finiteness introduced
by the experimental setup, as e.g. the spatial extension of the sample, will in
general fade the spectrum line-shape around the X, determining uncertainty
in 8. In the following, we will show how to introduce a packet of X-waves,
with velocities around a given value and finite energy. Considering an X-wave
with a specific velocity is as idealized as considering an elementary particle of
given momentum.

1.3.1 X-wave expansion and finite energy solutions

The X-wave transform. The general solution of Eq. (1.4) can be expressed
by the Fourier-Bessel spectrum of the field at z = 0, denoted by S(w, k) =
B[A](w, k1 ,0):

Alr, z,t) = / / S(w, k) Jo(kor)etF==Dk, dk, dw, (1.17)
0 —00

with k, = —k? /2k + k"w?/2. By a simple variable change, the field can be
written as a superposition of slash-X-waves, traveling with different velocities.
If we set

wza—!—%;kl: kK" (1.18)
we obtain that
o0 . 2
Alr, z,t) = / e T W (t — Bz, B)dB, (1.19)

while being

Wyt =Bz f) = | X0, 8)Jo(VER ar)e  (H7) 0= da, (1.20)
0

and

X/(a, B) = X)[A(r,t, 2 = 0)[(o, B) = kS (a + %, kk:”a) ) (1.21)

An equivalent representation is obtained by backslash-X-waves. The variable
change (1.18) corresponds to span the (w, k] ) space by oblique (slash) parallel
lines in (1.17). Eq. (1.20) is a formulation of the “X-wave transform”, first in-
troduced in Ref. [73] and indicated as X[A](«, 3). Hence the spatio-temporal
evolution due to the interplay of diffraction and dispersion, can be represented
by one dimensional propagation of packets with different velocities.
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Orthogonal X-waves and finite energy solutions. An arbitrary pulsed-beam
can be expressed as a superposition of X-waves traveling with different veloc-
ities. Conversely, such a superposition can be used to construct new-classes
of physically realizable finite-energy X-waves. To this extent, orthogonal X
waves -first introduced in [74] for the wave equation- are a fruitful approach
(see also [16]). With reference to two (either slash or backslash) X-wave solu-
tions of Eq. (1.8), denoted by Ax and By, with inverse differential velocities
B and ' and spectra f and g, respectively, the inner-product can be defined
as the integral of By Ax with respect to z,y,t, extended on the whole space.
A specific class of spectra, denoted as f, with p = 0,1,2,..., satisfies the
orthogonality condition (A4, = Bx and A, = Ax) holds:

< Aq(’f‘,t,Z,B)‘Ap(’l“,t,Z,ﬂ/) >= 617116(6 - ﬁ/) (1'22)

When X (a, 8) = C(B) fy(a), it is Eg = |C(B)[?, the resulting beam is a finite
energy X-wave that spreads according to a prescribed velocity distribution
function C(3); this corresponds to the existence of solutions with an arbitrary
“depth of focus”. This kind of wave-packet can be written, with reference to
slash X-waves, as

A= /Oo C(B, )1, D (r,t — B2 B)dB, (1.23)

with C' obeying Eq. (1.16). Introducing a suitable Fourier transform with
respect to the variable g

1
2V k"

we obtain, from Eq. (1.16), that ¢ obeys the equation

/Oo C(B,2)e'#*dB, (1.24)

c(s,z) =

Oc  K'd%c

Therefore the 3D linear propagation of an X-wave packet in a normally disper-
sive medium can be reduced to that of a 1D pulse with anomalous dispersion.
The energy is

_ 9 o0 o] 9 _ o] ) oy 00 , |
sfz/o [m|A(T,t,z)lrdrdt / |IC(B)|? dB 2/ le(s)|? ds

o T (1.26)
In the following the (slash) X-wave, with spectrum

fola) = ngz exp(—Aa), (1.27)
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Fig. 1.2 Spatio-temporal profile of the fundamental X-wave (1.2).

and spatio-temporal profile

P = _Vk = (1.28)
/ T 1= BRSSP (s —iA)?] '
is the simplest X-wave with finite power (i.e. the integral of |ga§0)|2 over

transverse variable converges, see also Ref. [21]). This X wave is shown in
figure 1.2.

1.4 CONICAL EMISSION AND X-WAVE INSTABILITY

So far we dealt with linear X-waves of a simplified scalar model, prolegomena
to the nonlinear regime. The fundamental physical result is that, in nonlinear
media, X-waves are spontaneously generated during the propagation of a bell-
shaped (in space and time) pulse. The universal mechanism of wave spectral
reshaping in nonlinear media is the modulational instability (MI), which de-
scribes the amplification of plane-waves at the expense of a pump beam. The
features of MI depends on the number of effective dimensions and the sign of
dispersion; in the most general case, i.e. when a propagation coordinate z, two
transverse coordinates z,y and time ¢ are taken into account MI in a normally
dispersive medium takes the name of conical emission (CE). CE describes a
well known and experimentally investigated effect, namely the generation of
far-field rings with different colors when a intense ultra-short pulse propagate
in a nonlinear medium [75, 76, 77, 78, 55]. The analysis of CE is technically
simple and relies on a linearized perturbative approach [11]. In the follow-
ing, we will reformulate this treatment to see how X-waves can be directly
involved [15]. First, we rewrite Eq. (1.2) in terms of dimensionless variables
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by setting u = A/VIo, (&n) = (2,y)/Wo, ¢ = 2/Zy, T = (t — k'2)/To,
I' = Zg/Zyn1, where Iy is a reference intensity (e.g., the input beam peak
intensity), Wy is a reference waist (e.g., the input beam waist), Zgr = 2kW§@
and Z,; = (konorI)~! are diffraction and nonlinear length scales, respectively,
and Ty = (k" Zgr /2)'/2. The normalized equation reads as

iOcu + (07 + 07) u — O2u + Tlul*u = 0. (1.29)

Restricting ourselves to solutions traveling at the group velocity of the medium
(6 = 0), we consider X-waves u = (&, 1, () exp(ix() in the linear case (I' = 0),
where 1) obeys the equation

(0F + 02 — 92) ¥ = K. (1.30)

Explicit solutions can be found for example by introducing the complex vari-
able v = (A —i7)% 4+ £2 + 72, and looking for a solution ¢ = (v) of the
following equation

60,1 + 400yt = K, (1.31)

solved , e.g., the real valued solution (with parameters x and A):

exp(—mq |
Jo

It is not difficult to recognize in Eq. (1.32) some of the well studied X-wave
solutions for the scalar wave equation (see the other chapters in this book).
Next, starting from the exact plane wave solution u = ugexp(iudz) of Eq.
(1.29), with up a constant, the solution of the nonlinear wave equation is
written as

W = %[ (1.32)

u = [ug + €(&,n,7,¢)] exp(iug()

and, at the first order in the perturbation €, the governing equation reads as
i8<e+3§26+5,2]e7836+Fu(2)(e+6*) =0. (1.33)

If we set € = u(2)Y(&,n,7) +v*(2)vY(€,n, 7)* with ¥ solution of Eq. (1.30),
and separate terms weighting ¢ and ¢* in Eq. (1.33), we end up with the
coupled equations

+i0cp + kp+ afl(p+v) =0 (134)
—i0cv + kv + adl(u+v) = 0. :

Simple arguments lead to the conclusion that an exponentially growing solu-
tion such that u,v,e oc exp(yz) with v = \/—k(k + 2xa3) does exist: given
a pump beam in Kerr medium (either focusing or defocusing) there exist X-
waves that get amplified along propagation. Their spectrum is given by Eq.
(1.30) and plotted in figure 1.3. In a focusing (defocusing) medium the am-
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Fig. 1.3 Spatio-temporal spectrum for different X-waves 1,;. The dashed line is the
spectrum of the simplest X-wave (k = 0).

plification range involves —2a2 < k < 0 (0 < k < 2aa3). In figure 1.4 two
examples of X-waves with different x are given.

This simple perturbative analysis is confirmed by the numerical simulation
of Eq. (1.2), which is reported in figure (1.5), and involve the early stage
of propagation (i.e. it is limited to samples with dimension of the order the
diffraction length) of a Gaussian beam with

x2+y2 t2
A(:L’,y,Z—O)— IOQXp |:_( 2W02 >_<2Tg>:|v

whose FWHM spot-size and duration (i.e. measured at “full width at half
maximum” of the intensity profile) are 70um and 100 fs, respectively. The
other parameters are as follows: ng = 1.5, noy = 2.5x1072%; k” = 360x 1028

in MKSA units, and the peak power is P = 1.5P,, with P. = (0.61)\)27/(8narng) =
2.6 MW the critical power for self-focusing [15].

The reported arguments are limited to a perturbative analysis, and deal
with a beam which is essentially a pump wave, with a small superimposed
“X-wave halo” (see [15] and also [79] for quadratic media). This halo can be
clearly evident in the experiments and in the simulations, because it slowly
decays far from the beam center. However experimentally investigated regimes
involve dramatic reshaping processes whose analysis must be tackled with a
different approach as discussed below.
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Fig. 1.4 Profiles of the X-waves 1, for A =1 and k = £1 (,Og77 = &2+ n?).

6 —_
o E
z 4 2
~ S
2 o
-5  (arb. units)

Fig. 1.5 Spatio-temporal intensity profile (left-panel) and spectral content (right-
panel) of a Gaussian pulsed beam after the propagation in a nonlinear Kerr medium
(parameters in the text).

1.5 THE NONLINEAR X-WAVE EXPANSION

We observe that X-waves are localized objects that exist even for a vanishing
nonlinear response. Conversely, in the field of nonlinear wave propagation,
SW are known as non-perturbative solutions that do not exist in absence of
nonlinearity and for which a straightforward perturbative expansion (i.e. in
power series of the relevant nonlinear coefficient, as e.g. moy) does not ap-
ply (see e.g. [80]). In this respect NLX, for which perturbative expansions
are meaningful, are strikingly different from SW. In particular with simple
argument one can arrive at the following interesting conclusion [16]: if the
pulsed-beam incident on a monlinear sample is an X-wave, the nonlinearity
just “dresses” the linear X-waves. In other words, the nonlinearity does not
destroy the propagation-invariant nature of X-waves. Additionally, even in
the case for which the input beam is not an X-wave, but rather undergoes a
negligible diffraction and dispersion (to some extent the incident beam approx-
imates a propagation-invariant pulsed beam), then an X-wave is generated.
Notably enough this result is not limited to a perturbative regime.
Indeed by re-writing our starting model (1.2) as

1 k/l

10, A + 2kviA - ?83/1 =xPni(z,t,7), (1.35)
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where Py (z,t,7) is a nonlinear source, weighed by the coefficient x; one
finds, after a straightforward expansion of A in powers of y, that the relevant
equation has still the form of Eq. (1.35) at any order in y, where the RHS
stems from the solutions at lower order. If Py (z,t,7) = P(t — Bz,7), the
evolution according to Eq. (1.35) always provides a spatio-temporal spectrum
corresponding to an X-wave [Eq. (1.9)]. Thus, if an X-wave is taken as
the solution of the linear model (x = 0), the nonlinearity plays the role of
“dressing” that solution, assuring that it continues to exist. Since this result
is valid at any order in x, it turns out that linearly-self-invariant beams are
very robust against the nonlinearity, even beyond first order perturbation.

1.5.1 Some examples

(i) X-waves propagating in a nonlinear medium. P can be interpreted as a
function of the X-wave field and its complex conjugate, and travels unchanged,
since it depends on t — (3z:

(i) Harmonic generation. this entails a polarization P which is some power
of the pump beam, traveling at the group velocity of the fundamental fre-
quency; if diffraction and dispersion of the pump (in the absence of nonlin-
earity) is negligible, then P = P(T — klpz,7), where k» is the inverse group
velocity of the pump

(iii) Kerr media. Eq. (1.2) holds; for the solution at the lowest order (noy =
0), it is possible to take either an X wave-packet Ax centered around 3 (so
that we fall in the case (i)); or a wide pulsed beam with negligible diffraction
and dispersion (with 3 = 0) (as in the case (ii) above). Higher orders are
obtained in the form (1.35): at the first order the RHS is proportional to
A% A% . As a result of the following analysis, the correction to Ax is still
a progressive undistorted wave traveling at the same velocity. At the next
order in y the situation is the same, and the same argument applies, leading
to conclude that an X-wave is obtained again.

We can summarize by saying that whenever the polarization P can be
approximated as a function of a retarded time ¢t — 3z only, an X-wave emerges
after the propagation in a nonlinear sample, at any order of the nonlinear
effects.

1.5.2 Proof

By writing A, as a superposition of slash-X-waves,

o0 (o ]
A:/ / Clar, B, 2) Jo(VER ayr)e (ot D=0 40, dpy - (1.36)
0 — 00
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and inserting Eq. (1.36) into Eq. (1.35), we find

U
0z  2k"

with (a, 8) related to (w, k) ) through Eqgs. (1.18), and

C = X)[P)(a, B)e! /KNG, (1.37)

X/[P](c, B) = kaB[P] (oz—l— %, kk”a) . (1.38)

Eq. (1.37) can be readily integrated by taking C' =0 at z = 0, obtaining

Cla,B,2) = —iX)[P] Sinégz) exp{i [(a + f) (B—8)— f;,,} 2}, (1.39)

with )
1 B\ p

g= 5[(04 + W)(ﬁ - B)+ 2k”]'

Eq. (1.39) can be interpreted in the (w,ky), or («, ), planes and shows

that, for large propagation distances, C' tends to a Dirac ¢ centered at g = 0.

Therefore the propagation acts as a spatio-temporal filter, selecting specific

combinations of frequencies and wave-vectors that correspond to the condition

g = 0, or explicitly in the (w, k] ) plane

" 21\ 2 2
k(w ﬁ) _ 5 (1.41)

(1.40)

o\ Tk ) T2k 2k

This curve represent an hyperbola, as sketched in figure 1.6. It is apparent
that Eq. (1.41) is the dispersion relation corresponding to Eq. (1.8), and
hence the resulting pulsed beam is a progressive undistorted wave traveling
at inverse differential velocity 3.

1.5.3 Evidences

In the experimental results reported so far, there is a clear evidence of this
hyperbola in the spectral domain, see e.g. [7, 55], as well as of a structured
spectrum,[78, 81] that corresponding to the splitting phenomenon described in
the following. The asymptotes over which energy is concentrated correspond
to slash and backslash X-waves. Thus, in any nonlinear process which can
be reduced to Eq. (1.35), X-wave-packets are spontaneously generated. In
the case § = 0 Eq. (1.41) yields the exact X-shaped spectrum. The specific
features will in general depend on the source spectrum [16].

The previous argument supports the existence and the spontaneous forma-
tion of nonlinear X-waves. However an element is still missing: exact solutions.
So far no analytic solutions are known for NLX, but numerical analysis can
be applied as described below.
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Fig. 1.6 ~ Sketch of the generated spatio-temporal spectrum (symmetrized for k; <
0) when 8 > 0. The straight lines are slash and backslash spectra.

1.6 NUMERICAL SOLUTIONS FOR NONLINEAR X-WAVES

Nonlinear X-waves are found as solution to nonlinear wave equations. Let us
consider again the normalized Eq. (1.29)

iOcu + Ou + Opu — O2u + Tlul*u = 0. (1.42)

NLX with velocity 1/k' (6 = 0) have the form v = w(¢, n, 7) exp(—i5¢¢) with
the real valued profile w satisfying the equation

Bew + 6‘52111 + 8,2]11) — 9w+ Tw? =0. (1.43)

The number of parameters in the previous equation can be further reduced by
introducing an additional rescaling that discriminates between the case 8; = 0
and ¢ # 0, respectively. In the latter case, we set v = |ﬂ<|1/27 Yy =T/18¢|,
b= 0¢/|B¢| , and limiting to circularly symmetric solutions w = f(p, v) that
depend on p = |B¢| /2 pe,, = [|8c] (€2 + 1?)]Y/?, we find

10f 0*f 0O%*f 3
bf+p8p+8p2 8U2+7f =0 (1.44)
where b = sign(8;). Eq. (1.44) holds true also in the case 8 = 0, with b =0,
v=1TI,v =7 and p = pg,. Both the families of NLX depend on the single
parameter 7.
The degree of arbitrariness hidden by boundary conditions on f is removed
by imposing f(p, £oo) = f(oo,v) = 0 and %(O7 v) = 0, which give a localized
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solutions in 3D. We also fix the additional constraint max(f) = 1, which does
not limit the generality since it can be always satisfied by the free parameter
Iy in the normalization leading to Eq. (1.29).
Finding numerically X-waves solutions of Eq. (1.44) is a non-trivial task be-
cause of the slowly decaying tails in the radial (p) direction. A trick that can
be used counsists in interpretating Eq. (1.44) as an evolution problem in the
p variable. In fact, by making a suitable discretization in the v coordinate,
one reduces the original problem to a set of coupled equations in the vari-
able p that can be solved by standard ODE algorithms (care is needed at the
first step at p = 0 where boundary conditions must be used to avoid singu-
larities). The v discretization can be done using pseudo-spectral techniques
like Chebichev polynomials or “FFT” (we employed both the techniques and
found comparable performances).
It turns out that if an appropriate guess is given for the field at p = 0, the
numerical code provides a slowly decaying field with respect to v at any p.
Conversely, a wrong guess furnishes an exploding solutions as p increases.
By such an approach the richness of the nonlinear X-waves solutions can be
simply unveiled, without resorting to shooting or iterative techniques, that
result in computationally expensive and ill-conditioned problems. We found
that an effective guess is given by the real or the imaginary part of the linear
exact X-wave solution (which is a solution as v = 0):

1

u = 1.45
(A —iv)? + p? (1.45)

where A is a length scale with respect to v for the profile at p = 0. The real
(imaginary) part provide an even (odd) profile at p = 0, which is inherited by
the nonlinear solutions as discussed below (we take A = 1 in the following).
Once a solution for v # 0 is found for a given set of parameters, we enlarged
the integration domain to the maximum dimensions made available by our
computational resources to verify that the function is indeed localized. In
practice this amounts to increasing the maximum value of p in our ODE
solver, and to enlarge the domain in v to avoid boundary effects in the p
evolution.

1.6.1 Bestiary of solutions

A trial classification. Once the guess at p = 0 is fixed, the solution depends
on two parameters b and . An open issue is the classification of nonlinear
X-waves. For the moment they can be roughly divided into two classes, dis-
tinguished by the two values b = 0 and b = 1. The former correspond to
spatio-temporal spectrum in low intensity regime (i.e., ¥ — 0) lying around
the spectral lines k2 = k2 (with obvious notation). Conversely the latter is
characterized by kzaf k? = b and hence the spectrum in the low intensity

P
limit is not contiguous to the origin. As a result the beam profile exhibits
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Fig. 1.7 “Dressing” of the fundamental even X-wave for an increasing nonlinearity:
the intensity f? is shown Vs p and v (A = 1,b = 0).

oscillations regardless of the value of v, at variance with the case b = 0 where
such oscillations appear at large values of «y (see figures in the following).

Infinite (non-numerable) number of solutions. Notably NLX exist both for
focusing and defocusing nonlinearities (the latter case being relevant for BEC),
as due to the fact that linear solutions exist; additionally it is well expected
that the infinity of solutions in the linear case reflects into an infinity of
solutions in the nonlinear case. In other words, differently from SW, which
only exist in the presence of a nonlinear response and such that only one
solution exist for a fixed set of parameters (e.g. waist), X-waves are not-
numerable. A rigorous proof of this fact is still to come.

Infinite energy. Even if numerically the energy is necessarily finite (as the
spatial grid adopted in the calculation), it is well established that Eq. (1.44)
does not admit finite energy solutions [82]. Additionally, given the fact that
the tails in any direction must decay according to the linear equation, be-
cause of the corresponding small values of |u|? so that the nonlinear terms
are negligible, the numerical solution slowly decays with respect to p, and
hence the NLX found numerically have infinite energy (for p € [0,00) and
v € (—00,0)).

Focusing nonlinearity. In figure 1.7 we show the effect of the nonlinear re-
sponse on the profile of the fundamental X-wave (1.45). We consider the case
b = 0, such that Eq. (1.45) is an exact solution for v = 0 (in the absence
of nonlinearity). Then we report the X-wave profile obtained numerically for
increasing positive v (focusing medium). It is clearly evident that the nonlin-
earity concentrates the energy around the central spot, up to a region at high
~ where oscillations start to take place. Figure 1.8 displays the same result for
odd X-waves. Figure 1.9 and 1.10 show solutions with b = 1, which display
oscillations also in the linear regime (y = 0), with frequency increasing with
~. The 3D representations of these numerical solutions are reported in figures
1.11 and 1.12.
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y=0 y=1 y=10 y=100

Fig. 1.8 “Dressing” of the fundamental odd X-wave for an increasing nonlinearity:
the intensity f2 is shown Vs p and v (A = 1,b = 0).
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Fig. 1.9 “Dressing” of the fundamental even X-wave with b = 1for an increasing
nonlinearity: the intensity f2 is shown Vs p and v (A = 1,b = 1).
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p5

Fig. 1.10 “Dressing” of the fundamental even X-wave with b = 1for an increasing
nonlinearity: the intensity f2 is shown Vs p and v (A = 1,b = 1).
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Fig. 1.11 Isosurface (at level 0.01 of u?) of the even NLX solution with parameters:
~v =100, b =0, A =1, kK = 0. Note that this kind of solution can be viewed as
multiple fundamental X-waves nested one into the other.

10 -2

Fig. 1.12 Isosurface of the odd NLX solution with parameters (y = 100,b = 1,A =
1,k = 0); the red surface corresponds to level 0.06 of u? and the cyan surface to level
0.014 of u2. This kind of X-waves is formed by symmetric bullets that travel locked
together (high intensity area in the middle surface, in red) in the presence of an X-wave
halo.
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Fig. 1.13 “Dressing” of the even X-waves in Eq. (1.32) withk = A =1andb=10
for an increasing defocusing nonlinearity.

v 10 -10

&

Fig. 1.14 TIsosurface (u?, level 0.001) for an X-wave in a defocusing medium with
parameters: b = 1,k = 1, A = 1, v = —1. Note both the radial and the longitu-
dinal modulation of the energy distribution which are due to non-vanishing % and b
parameters. This kind of solutions can be regarded as distributions of bullets (clearly
evident at p = 0) with a modulated X-wave halo.
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Defocusing nonlinearity. The situation for the defocusing case (y = —1) is
more tricky. This case is of particular interest for the matter X-waves, as
discussed above. We consider only solution with even profile at p = 0. In
the case b = 0 we were not able to find localized solutions starting from the
guess given by Eq. (1.45). Conversely, results with this guess when b = 1
are obtained but, at variance with the focusing case, we were only able to
find solutions up to some critical value of |y| (|| = 2). Nevertheless, using a
different guess, namely the “k-X-wave” from Eq. (1.32) with x = 1, solutions
are found also for b = 0 and for higher values of |y|, as displayed in figure
1.13. We observe that in the defocusing case solutions gets less localized as
the amount of nonlinearity is increased (as physically reasonable). In figure
1.14 we show a 3D representation of a NLX in the defocusing case.

A remark. The reported examples are clearly not conclusive. Although,
there is a numerical evidence of the existence of nonlinear X-wave solutions,
their multitude and complexity calls for an analytical approach. So far the
existence of NLX solutions can be only inferred from the regularity of the
reported solutions but cannot be envisaged for shure.

1.7 COUPLED X-WAVE THEORY

Exact NLX solutions describe a stationary regime, i.e. a 3D bullet of energy
(or density for BEC) traveling without distortion. However NLX may sponta-
neously generate during nonlinear propagation, and this is an highly dynamic
process that, in some experimentally and numerically investigated cases, does
not result into a propagation invariant regime. Indeed, it has been observed
that even if an X-shaped spectrum is obtained, this does not necessarily cor-
respond to a stable X-shaped packet, but to a periodical redistribution of
energy in and out of a conical region [51, 55, 49]. This kind of behavior leads
to consider nonlinear dynamics of X-waves.

In order to fix the ideas, one can take into account one or more X-waves
spontaneously generated and then exhibiting some dynamics, or some X-wave
generator device (i.e. an axicon) shooting X-waves into a nonlinear medium,
inside which they interact (an experiment that, so far, has not been per-
formed). In all these cases the natural approach is to develop a “coupled
X-wave theory,” which is briefly reviewed in the following (for details see Ref.
116]).

We consider again Eq. (1.2), with X (a, 8,2) = f,(«)C(0, z) being the X-
wave transform of the solution A, which represents an X-wave-packet centered
around the medium group velocity, i.e. § = 0. If C is peaked around § = 0,
all components travel nearly at the same velocity, and one obtains the coupled
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X-wave equations in the approximate form:

2
- 2]€”C<ﬁ7z> =

/xw+ﬁyw%fBQCWﬂCWﬂCW@W@

10,C (5, 2)

ko (1.46)

o

where the interaction kernel x(vy) is the Fourier transform of the quantity o(s)
defined below. Taking the Fourier transform of Eq. (1.46) [see Eq. (1.24)] we

find 9 1 92
Oc c
i3, T T s T honao(s)le’e=0. (147)

Hence the evolution of an X wave-packet in a nonlinear Kerr medium can
be approzimated by an effective 141D nonlinear Schréedinger equation with
a non-homogeneous nonlinear coefficient. The latter, given by o(s), has the
dimensions of an inverse area, and is expressed by the Fourier transform of
the kernel x:

o(s) = Ax2 " /

— 00

oo

X(’y)e”s/k”d’}/ = / |27V k”cp/(p)\4r dr. (1.48)
0

o(s) is the spatial self-overlap of the component X-wave profile at = 0. Any
solution ¢ of the nonlinear Eq. (1.47), with C given by Eq. (1.24), generates
a solution A of the envelope equation (1.2)

A= /C(ﬁ,z)z/}/(p)(r,t — Bz,3)dg = /c(s,z)f/(m(r,t,s,z)ds, (1.49)

with
1
N

Thus the 3D+1 nonlinear evolution problem (1.2) reduces (under suitable
approximations) to a 14+1D model (1.47). Two applications are discussed
below.

&P (rt,5,2) = /e—z(s+t>%+z%z¢/@>(r,t — B2)dg. (1.50)

1.7.1 Fundamental X-wave/Fundamental soliton

Let us consider the previous results for the fundamental X-shaped profile [see
Eq. (1.27)]. It can be found that o(s) is a bell-shaped function [16]; when the
on-axis temporal dynamics is dominated by the ¢ envelope (i.e. the temporal
width of ¢ is smaller that A), it can be approximated by o(0) = W, 2, where
Wy is the spatial beam waist. The effective nonlinear Schrédinger equation
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can be rewritten as

,60 ki” 820 kio’l’LQ[

ozt 20 Tz

lc|?c=0, (1.51)

so that the effective nonlinear coefficient has, compared with the plane-wave
coefficient, the additional factor W 2. This reflects the compensation of
diffraction owing to the X-waves, which behave as “modes of free space”.
o(s) resembles the mode-overlap in a waveguide from coupled mode theory.
Eq. (1.51) is well known from soliton theory and a number of non-trivial
exact solutions can be built (see e.g. [80]). The fundamental soliton [when
o(s) = o(0)] can be expressed in terms of the peak c3 of the energy distribu-
tion function; it reads

2k 0 2k 0
A:/CO ( COOZ,Q,IU()S> eXp[i%m()z]f/(o)(r,t,z,s)ds. (1.52)

Eq. (1.52) expresses the “dressing” mechanism associated with the nonlinear-
ity: the latter acts only on the shape of the envelope which, even in the linear
limit, would travel almost undistorted. In spite of this remarkable difference
with solitary waves, the (approximate) validity of an integrable model such
as Eq. (1.51) seems to establish a strong link with solitons.

1.7.2 Splitting and replenishment in Kerr media as an higher
order soliton

The self-trapped behavior of the 3D beam, given by Eq. (1.52) is ultimately
related to the X-shape. More interesting dynamics can be described referring
to multi-soliton solutions of the integrable Eq. (1.51). The N > 1 solitons
(see e.g. [83, 80]) are natural concepts in explaining splitting and replenish-
ment, investigated numerically in [49] and experimentally in [52]. Noteworthy,
breathing linear X-waves have been reported [28, 25]. Using higher order soli-
ton solutions for (1.51), (see e.g. [83]) one can build approximate breathing
nonlinear X-wave [16]. Figure 1.15 shows an example of the corresponding
spatio-temporal profile. The periodic depletion and replenishment of the X-
shaped distribution is apparent. During the propagation, breather-solution
pulsates and the beam evolves retaining most of its energy localized, but ex-
hibiting the non-trivial nonlinear dynamics of the X-wave. It is also noticeable
that higher order solitons exhibit the spectral splitting typically described in
numerical simulations.

Before concluding, it is fruitful to summarize the picture of the split-
ting/replenishment phenomenon, commonly observed in experiments in Kerr
media, in terms of NLX. At the beginning a wide bell-shaped pulsed beam
evolves into an X-wave, owing to the spatio-temporal pattern formation of
X-wave instability [15]. Once the envelope width is sufficiently reduced, the
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Fig. 1.15 Typical spatio-temporal profile (at y = 0) of a breathing X-wave. Two
isosurfaces are displayed: the darkest (red) corresponds to higher intensity.

increased intensity through compression feeds the generation of a higher order
soliton, or breather. After some spatio-temporal oscillations, several mecha-
nisms may intervene to stop the periodic behavior, e.g. losses (eventually
of nonlinear origin, such as two-photon absorption) or simply that, for large
propagation distances, the nonlinear response average out due to the sliding
between components of the finite energy X wave-packet.

1.8 A BRIEF REVIEW OF EXPERIMENTS

1.8.1 Angular dispersion

The key feature that identifies X-waves is the angular dispersion (AD), i.e.
the dependence of the temporal frequency on angle. Using AD it is possible to
moderate, and in principle make vanishing any tendency to delocalize energy
due to material dispersion [19, 84, 85, 86, 87]. Before explicitly invoking X-
waves, the role of AD was considered with the aim of obtaining “broad-band
phase-matching” in SHG experiments [88]. Nowadays, AD is adopted in all
modern commercial optical-parametric amplifiers, that exploit second order
nonlinearity to achieve tunable light sources; a very active field of research,
linking together localized waves and laser physics [10, 89, 90, 91, 92, 31]. AD
was also exploited for the observation of temporal solitons in quadratic media

[93].

1.8.2 Nonlinear X-waves in Quadratic media

The experiments leading to the first observation of NLX were aimed at the
generation of light bullets starting from a Gaussian pulse displaying AD, in
order to compensate the group velocity difference between two harmonics (
a first harmonic FH and a second harmonic SH) that get involved in the
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nonlinear process. During these experiments, it was found that AD-free in-
put beams lead to unexpected spatio-temporal localization. Numerical sim-
ulations showed the emergence of an X-type structure, and the results were
explained by the existence of a stationary nonlinear X-wave acting as an at-
tractor for the nonlinear dynamics [5, 6, 12]. The reported observation were
then confirmed by more accurate experiments, that ultimately lead to the
“spatio-temporal tomography” of the generated nonlinear X-wave [9, 8]. Re-
lated experimental results, with emphasis on the conical emission processes,
were recently reported in [94, 95, 96].

1.8.3 X-waves in self-focusing of ultra-short pulses in Kerr media

Recent investigations of ultra-short pulse propagation in Kerr media with nor-
mal (k" > 0) dispersion [49, 51, 33, 52, 53, 97, 54, 55] have shown that light
filaments formed in condensed matter have conical oscillating tail [51] and
a complicated spatio-temporal structure [52]. Numerical simulations [49, 50]
show that the dynamics is governed by cycles of pulse splitting and subsequent
temporal replenishment of the on-axis pulse. Past the first splitting point the
field pattern shows evidence of X waves. Since the latter is highly dynamical
the X features are best seen in the spectral domain (spectrally resolved far
field) where the wave exhibits characteristic tails that follow the X-shaped
dispersion curve (see Fig. 1.6). In typical experimentally retrieved spectra,
X-shaped tails are clearly evident (as e.g. [55, 98]) The observed spectral
arms are due to conical emission [75, 99, 15], the corresponding arms follow
the asymptotic lines k; = v/kok” (w — wp) characteristic of the linear disper-
sion relationship (see Fig. 1.6), while at low spatial frequencies (k; = 0) there
is the evidences of the predicted spectral gap [55]; indeed the locus of points
0, Q) corresponding to maximum intensity in the arms fits with the hyperbolic
curve of Eq. (1.41) [16]. The splitting and replenishment scenario is well set-
tled (qualitatively, to say the least) in the higher order soliton proposed above.
These results provide a clear indication that NLX can be taken as a “paradigm”
for interpreting ultra-fast dynamics of laser pulses in condensed matter, how-
ever many issues are still to be deepened.

1.9 CONCLUSION AND DEVELOPMENTS

In this chapter we provided an introduction to the rapidly growing field of
NLX, from which many other lines of investigation recently originated, as
due to the intense research activity in modern photonics. Mostly related to
this manuscript are the “O-waves” (the analogous of envelope X-waves but
with anomalous dispersion), including nonlinear effects [56, 34]; as well as the
deepening of 241D models [70, 29].
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Fields which are still at an embryonic stages, but that are potentially very
productive are NLX of discrete models [32, 35] and in dissipative systems (like
optical resonators) [37, 38, 36].

Many results are currently being published that concern LW and NLX in
photonic crystals, i.e. media displaying a periodic refractive index, see the
other chapters in this book and [39, 40, 41, 42, 43, 44, 46, 47].

In the authors’opinion the most relevant challenges, from a theoretical per-
spectives, are certainly those related in finding exact solutions for NLX. For
what concerns experiments perhaps the most fascinating issue is the observa-
tion of matter X-waves, while a lot of interesting investigations are still to be
performed in nonlinear optics. First of all those related to many theoretical
predictions, and then topics like harmonic generation by an X-wave and the
nonlinear interaction between LW and related issues. A particular mention
goes to quantum effects (as in [100, 101, 102]), which are relevant for both
Matter- and Optical-X-waves; the interplay between squeezing and entangle-
ment due to nonlinear processes and 3D-+1 propagation invariant properties
is still largely un-explored and may have relevant implications in fundamental
physics and quantum information.
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